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Prelude: the Wronskian

W (w1, . . . , wn)(x) = det


w1(x) w2(x) · · · wn(x)
w′
1(x) w′

2(x) · · · w′
n(x)

...
...

. . .
...

w
(n−1)
1 (x) w

(n−1)
2 (x) · · · w

(n−1)
n (x)

 .
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Wronskians as n-ary brackets

Let p ∈ Z≥1, set N = 2p; take coefficients w1, . . . , wN for
differential operators of order p.

For f ∈ C∞(R), we define:

Ap[w1, . . . , wN ](f) :=
∑
σ∈SN

(−1)σ wσ(1)∂
p
x◦wσ(2)◦· · ·◦wσ(N)∂

p
x (f(x)),

where (−1)σ is the sign of the permutation σ.

Special inputs for the N -ary Lie bracket

[ a1, a2, . . . , aN ] :=
∑
σ∈SN

(−1)σ aσ(1) ◦ aσ(2) ◦ · · · ◦ aσ(N)

over an associative algebra A, with ai = wi ∂
p
x.
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The constant const(p)

Theorem (Kiselev [2])

There is a universal constant const(p), independent of f and of
the weights, such that

Ap[w1, . . . , wN ](f) = const(p) ·Wronsk(w1, . . . , wN ) · ∂p
x(f).

Central question. What is the value of const(p)?
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Known before this work

p const(p)

1 1 (Lie bracket)

2 2 (by hand)

3 90 (Jets, symbolic)

A direct expansion over SN is already infeasible at p = 4
(8! = 40320 terms). A more economical strategy is needed for

p ≥ 4.
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Monomial weights

Choosing wn(x) = xn−1 makes both sides explicit and easy to
compute.

Left-hand side

Each factor differentiates a
power and shifts it, e.g.

x2 ∂2
x

(
x5

)
= 5 · 4 x5 = 20x5,

so a term collapses to an
integer times a monomial:

xβ∂p
x

(
xα

)
= α · · · (α−p+1)︸ ︷︷ ︸

∈Z

xα+β−p.

Right-hand side

det


1! x · · · xN−1

0 1! · · · (N − 1)xN−2

...
. . .

...
0 0 · · · (N−1)!


=

N−1∏
k=1

k!.
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A closed-form expression

For σ ∈ Φp and k = 1, . . . , N − 1, set

Ek(σ) :=

k−1∑
j=0

(
σ(N − j)− 1

)
.

Theorem (Closed form)

const(p) ·
N−1∏
k=1

k! =
∑
σ∈Φp

(−1)σ
N−1∏
k=1

Ek(σ)
p.

monomial term ←→ σ ←→ summand
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Worked example: p = 2

Computing const(2)

Contributing permutations: (1,2,3,4), (1,2,4,3), (1,3,2,4)

const(p)
∣∣
p=2

=
3! 3! 2!− 3! 2! 2!− 3! 2! 2!

3! 2! 1!
= 3!− 2!− 2! = 2.

9 / 16



Setup const(p) Reduction to Combinatorics Values Growth and Outlook

Values of const(p), 1 ≤ p ≤ 14

p const(p)

1 1

2 2

3 90

4 586 656

5 1 915 103 977 500

6 ≈ 7.886× 1021

7 ≈ 8.587× 1034

p const(p)

8 ≈ 4.594× 1051

9 ≈ 2.060× 1072

10 ≈ 1.237× 1097

11 ≈ 1.512× 10126

12 ≈ 5.498× 10159

13 ≈ 8.396× 10197

14 ≈ 7.398× 10240

New integer sequence: oeis.org/A3927141

Values const(1)-const(7) verified externally by R. Buring

1Also permanently available on kianshah.in (under Research).
10 / 16
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Growth of const(p)
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p
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co

n
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(p
))

excluded (p 4)
fit data (p> 4)
c plog(p! ) + dlog((2p)! )

c= 1.76110, d=−0.98956, R 2 = 0.999989

c p2logp+ dp2

c= 1.71913, d=−1.71332, R 2 = 0.999967

Figure: The two best-fitting growth laws for log(const(p)) against p
(fit over p > 4; the excluded points p ≤ 4 are marked with a cross).

11 / 16



Setup const(p) Reduction to Combinatorics Values Growth and Outlook

Arithmetic structure

q \ p 2 3 4 5 6 7 8 9 10 11 12 13 14

2 1 1 5 2 5 4 17 11 16 7 18 13 17
3 · 2 3 1 6 2 2 14 6 5 11 8 3
5 · 1 · 4 2 · · · 8 6 5 2 2
7 · · 1 1 · 6 5 2 · · · · 13
11 · · · · 1 · · 2 · 10 8 6 4
13 · · · · · 1 1 1 · 1 · 12 11
17 · · · · · · · 1 · · · 1 ·
19 · · · · · · · · 1 1 · · ·

Conjecture (the diagonal): vp(const(p)) = p− 1 for every
prime p.
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What remains open

• Prove the conjecture vp(const(p)) = p− 1; the lower bound
vp(const(p)) ≥ p− 1 is established.

• Parity conjecture: even and odd counts in Φp differ by
exactly one.

• The exact growth rate of const(p); the values p ≥ 15.

• A multivariable generalisation.
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